The Landau damping effect was observed in collisionless plasma, as a microscopic resonant mechanism between electromagnetic radiation and the collective modes. In this paper we demonstrate the occurrence of the Landau damping at macroscopic scale in the interaction between water waves and anharmonic lattice of magnetic buoys. By coupling the Navier-Stokes equations for incompressible fluid with the nonlinear dynamics of an anharmonic magnetic lattice we obtain a resonant transfer of momentum and energy between the two systems. The velocity of the flow is obtained in the Stokes approximation with Basset type of drag force. The dynamics of the buoys is calculated in the surfactant approximation for a specific frequency, then we use Fourier analysis to obtain the general time variable interaction. After involving an integral Dirichlet transform we obtain the time dependent expression of the drag force, the interaction waves-lattice with a new term in the form of a Caputo fractional derivative. We compare the results of the model with experiments performed in a wave tank with free floating magnetic buoys under the action of small amplitude gravitational waves. This configuration can be applied in studies for the attenuation with resonant damping of rogue waves, storms or tsunamis.
Introduction
experimentally [4] . Later, it was realized that such resonant damping is not a unique feature of plasma, but is just one manifestation of the universal phenomenon of wave damping or amplification in a medium with a continuous oscillation spectrum. For e review see for example [5] .
Similar effects are now well known in such diverse fields as liquids with gas bubbles [6] , superfluids [7] , flashing of fire-flies [8] , pacemaker cells controlling the beating of the heart [9] , etc. Although the theory [10] as well as its remarkable physical interpretation [11] were developed at the same time as the resonant waveparticle interaction in plasma physics, a straightforward analogy between these effects was realized only recently in the context of the physical models for wind generated water waves [10, 12, 14] . According to this theory, a wave is generated by resonant energy transfer from the wind layer, which moves with a velocity equal to the phase velocity of the surface wave, a mechanism analogous to Landau damping. Various mathematical aspects of such resonant effects in fluids were reviewed [13] . The rigorous mathematical theory is based on solving the Cauchy problem for the evolution equation (VlasovPoisson equation) and proving estimates on the solution. The initial data issue was solved and Landau damping was mathematically established for the nonlinear Vlasov equation [15] .
The paper is organized as follows. After Introduction, in Sec. 2 we present the theoretical model in three subsection. In subsection 2.1 we described the water waves generated in the wave tank. In subsection 2.2 we calculate the drag force from the water flow acting upon the buoys. In subsection 2.3 we study the nonlinear magnetic lattice of buoys, its resonant frequency and the anharmonic oscillations. In section 3 we evaluate the momentum transfer between the linear waves and the nonlinear chain of buoys and find the criteria for resonance and maximum transfer. In section 4 we describe the experimental settings, the experimental results and comparison with the calculations. The paper ends with a Conclusion section.
The theoretical model
In this section we demonstrate the possibility of resonant transfer of momentum in the interaction between the surface water waves and the nonlinear (anharmonic) lattice of magnetic buoys. Our approach, based on the analysis described in [11, 14] , consists in calculating the force of the water waves on the buoys, followed by coupling this force with the nonlinear magnetic lattice dynamics. We consider a 2-dimensional (x, z) open water channel of uniform depth h (rigid bottom at z = −h) with free surface described by the function z = η(x, t) and gravitational acceleration g = (0, −g). We have a one-dimensional chain of magnetic buoys freely floating at the water surface along x axis. Each buoy in this chain has positive buoyancy, and consists in a small floating sphere attached to a cylinder of radius R and height H. The cylinders have attached at the bottoms a permanent magnet with magnetization along the cylinder axis. In quiescent water (η = 0) all buoys take the vertical position, with the magnetic cylinder completely submerged, and the sphere floating tangent to water surface. Because all the buoys have equal dipole magnetic moments m oriented in the same way by construction (north pole towards floating ball) they collectively repel, and when at rest in mechanical equilibrium the buoys separate equidistantly along the chain. We consider a chain of n magnetic buoys bounded left-right by stoppers (x = 0, x = nL. Here L is the equilibrium distance between two adjacent magnetic buoys.
Gravity water waves
The water body is considered incompressible, inviscid and under gravitational force. We neglect the surface tension because the Bond number for our system is large enough
The characteristic length is considered the height of the magnetic buoys H ≃ 0.1m, and ρ, σ are water density and surface tension coefficient, respectively. We also consider that the sizes of the magnetic buoys are much smaller than the size of the water tank, and the wavelength λ of the surface waves. Linear gravity waves are generated at one end of the water tank with a system of pumps, and they propagate through the buoys chain. When waves are generated in the water tank the magnetic buoys follow the water surface and they move in the vertical plane. We describe each buoy's position by the (x i (t), z i (t)) coordinates, i = 1, . . . , n, with x = 0 at the left end of the wave tank Each buoy can tilt in the (x, z) plane with an angle θ i , see Fig. (1) , measured from the local vertical. We assume that the buoys are floating together with the water surface, and we neglect possible vertical oscillations of buoys relative to the water surface. Nevertheless, the horizontal component of buoys' velocity can differ from the surrounding water velocity. In the linear wave approximation the surface of water has the shape Figure 1 : Magnetic buoys chain model at water surface. Each buoy is made of a floating sphere and a heavy magnetic cylinder. The magnetic dipoles m are identical and tend to repel each other when buoys are parallel and leveled. The motion of buoys is confined in the (x, z) plane and each buoy can tilt an angle θ.
given by [1] η(x, t) = A sin(ωt − kx),
with A the wave amplitude, k = 2π/λ the wave number, ω the wave angular velocity and with the dispersion relation ω = gk tanh(hk). The Eulerian velocity for such gravity waves V g = (u g , v g ) is given by
Interaction between water waves and buoys
The interaction between the traveling gravity waves generated in the wave tank and the floating chain of magnetic buoys results in the excitation of nonlinear modes of oscillations in this chain, which in their turn locally perturb the gravity waves flow around the buoys. By evaluating this perturbation effect on the initial waves we obtain the transfer of momentum from the waves to the chain of buoys, and from the rate of change of this momentum we find the drag force on the buoys. Let us consider a vertical buoy of radius R and height H placed vertically in a given flow field at a position r b (t) measured from the absolute system of reference of the tank walls. The buoy has a absolute velocity V b =˙ r b (t), and at the same point the fluid has an Eulerian velocity field V . The absolute fluid velocity at a point far away from this buoy is the unperturbed gravity wave velocity field V g . In a relative frame of reference moving with V g the velocity of the cylinder relative to the fluid is U = V b − V g which generates the drag. The magnetic buoys, Fig. (2) , have cylindrical shape of size H = 0.14m, R = 0.0127m with rounded ends. This shape can be very well approximated with an ellipsoid of revolution with semi-axes a = b = 0.00635m and c = 0.07m, such that the wave direction is along the a semi-axis, and the c semi-axis is vertical. For this geometry and size and under the action of small amplitude linear gravity waves the Reynolds number of the flow around the buoys is small Re ≃ 500 < 4000, so we can use the linearized Navier-Stokes equations for Stokes flow. Similar geometries involving Figure 2 : Experimental setting in the wave tank. A two-dimensional lattice with 100 magnetic buoys floating at the water surface of h = 0.3m depth. The waves generated with a pump have λ = 1.45m, ω = 50Hz, and amplitude A = 0.08m. finite cylinders were numerically tested using fully-coupled viscous fluid-solid interactions based on Navier-Stokes equations in either no slip boundary condition or the ghost-fluid technique and the nonlinear contribution to the flow was found negligible for similar range of velocities [16, 17] . Similar conclusion were obtained in [18] where the authors used analytic calculations.
By taking all these in consideration, the relative flow around magnetic buoys is determined by the equation
where µ is the dynamic viscosity and P is the fluid pressure. By solving Eq. (3) we obtain the velocity distribution V around one isolated buoy. In the linear gravity waves we can consider that the fluid has a given constant and uniform horizontal velocity V ∞ = (V ∞ , 0) at infinity. By using this linear approximation together with the Stokes approximation, [16, 19] , we obtain the velocity field in the form
where the function f fulfills △ 2 (∇f ) = 0, which actually reduces to the equation △ 2 f = 0 since all the flow field should be regular at infinity. This equation is solved with non slipping condition for the fluid at the buoy surface. To determine the pressure we substitute Eq. (4) in Eq. (3) and we have
where P 0 is the local hydrostatic pressure. By using Eq. (5) for the pressure we can calculate the force F exerted on the buoy by the moving fluid, in the Stokes flow approximation, by integrating the fluid stress tensor σ ik over the surface Σ of the buoy [16, 19] 
In our model we consider the motion of the buoys in a so called "surfactant approximation", namely the buoys are vertically bound to the free fluid surface, and can move only by sliding along the surface. This hypothesis is natural for our system because the buoyancy force and the weight of buoys have a very stiff equilibrium at the free surface (with respect to the buoy sinking in the fluid), way steeper than the forces of drag or magnetic interactions. Hence the only degree of freedom for a buoy is the tangent motion along the fluid surface which, for small amplitude linear waves, can be approximated with the x−direction in the 2-dimensional flow case. Namely, the position of the buoy number i in the chain is r b = (x i (t), z = η(x i (t), t)). Under these approximations, by following [19] , by using Eqs. (4, 5) and integrating Eq. (6) along the ellipsoid surface we obtain the drag force along the x−direction, perpendicular on the buoys axis, in the form
where we used the elliptic integrals
and
The result in Eq. (7) can be easily validate by using limiting situations. If a = b = c = R we obtain from this equation the Stokes linear drag force for a sphere 6πµRV ∞ . Also in the case a = 0, b = c = R we obtain the drag for a disk moving broadside-on 16πµRV ∞ and so on.
In the case when we consider fluid slipping at the buoy surface, with a coefficient β of sliding friction, the boundary conditions change and we obtain the Basset drag force as a slipping correction to Eq. (7) [19]
Combining these expressions we obtain for the horizontal drag force on the cylindrical buoys the expression
Further corrections to the Stokes's formula and a valid refinement of the flow pattern at short distances from the walls can be obtained by using Oseen's equation [16, 19] 
where γ is Euler's constant. The force expression changes if the fluid velocity is time variable. In the first step we consider the harmonic oscillation case of the flow, namely V ∞ → V ∞ e iωt . In this case [16] the biharmonic equation for the potential function △ 2 f = 0 involved in Eq. (4) has to be substituted with
By solving Eq.(13) in the Stokes' approximation with no slipping boundary conditions on the buoys wall we obtain, after surface integration, the following oscillating horizontal drag force
where δ = 2µ/ωρ is the depth of penetration of the transverse perturbation waves induced by the presence of the buoy in the free fluid motion. In the next step we consider an arbitrary time dependence of the asymptotic velocity V ∞ (t). We expand this velocity in Fourier integral
The total drag force will be the linear combination of the drag forces for each separate Fourier component, Eq. (14) . By integrating with respect to ω back in the time domain, and by applying a Dirichlet transformation to change the order of integration we obtain the final form of the time dependent drag force
The first term depends on the relative acceleration of the buoy in water and it represent the inertial transfer of energy from water to buoy, it is independent of the incompressible fluid properties and it is similar to the drag force in the case of potential flow, for inviscid fluids. The second term is the classical Stokes drag proportional to the velocity. The third term is the most interesting because it is actually the 1/2 fractional derivative of the fluid velocity with respect to time. Indeed, the Caputo left-side fractional derivative [20] 
The 1/2 fractional derivative is exactly the half-way between first and second term, between zero and 1 derivative. Such type of operators are related to the memory of the process, so it is responsible for the history dependent process of transfer of momentum between fluid and the buoy. Usually, fractional calculus laws occur in fractal systems, or systems with variable memory, anomalous phase transition, etc., [21, 22] , so it is very interesting how this exotic mathematical structure occurs naturally in a simple mechanical process.
Anharmonic waves in the chain of magnetic buoys
In this section we study the dynamics, waves and resonances in the one-dimensional chain of floating magnetic buoys. Networks of repelling magnets have been studied previously both theoretically and experimentally [24] [25] [26] . In all these studies, in general the magnets are suspended by long penduli and oscillate in gravitational field, or the magnets can slide frictionless along a bar. Given the nonlinear nature of the magnetic interaction the authors of these studies were mainly concern to study the existence of nonlinear waves, like solitary waves, breathers or solitons in these structures, and such highly localized stable waves were put into evidence and justified. In our case, we have the magnets freely float at the water surface, let them interact by the repelling force, and we couple this nonlinear lattice of free magnets with the surface waves generated from outside in a fluid tank. Our goal is to study the resonant transfer of energy and momentum from the water waves to the magnetic buoys chain. We demonstrate that under some conditions a strong resonant coupling and transfer of energy occurs like in the case of the microscopic Landau damping effect. We have made experiments with both one-dimensional and two-dimensional lattices of magnetic buoys, but we performed the calculations only for the one-dimensional chain. In the following we elaborate only this system. Each buoy has a mass M = 80g and enough buoyancy to float very Figure 3 : Gravity wave passing through the middle of the one-dimensional buoy chain. The water wave has amplitude 0.12cm and wavelength λ = 1.6m. The nonlinear wave initiated in the magnetic chain has already arrived at the far right end. stable with the ping-pong ball at the upper end completely outside of water, but the whole cylinder holding the magnet at its base completely submerged. The magnets are grade N50 Neodymium cylindrical magnets ND062-0-N50, axially magnetized and nickel coated with height 24.5mm and radius 12.25mm, axially magnetized at B = 13, 200Gs with measured magnetic moment m = 1.62Nm/T. Because the relative distances between the magnetic buoys are in general larger than the length of the magnetic dipoles, we consider only the magnetic dipole-dipole force and neglect the magnetic torque. However, the orientation of the buoys can be changed by the impact with water waves. In the following, we consider the buoys always moving along and together with the water surface, and having the magnetic dipoles normal to the water surface, see Fig. (1) . The force upon a magnetic dipole m 1 placed at origin generated by another magnetic dipole m 2 placed in position r is given by [23] where we use S.I. system of units and µ 0 is vacuum permeability. The dipole force Eq. (17) is potential F = −∇Φ, and it results from the magnetic field generated by an infinitesimal magnetic dipole
if the magnetic dipole is placed at origin and r = 0. Consequently, the magnetic potential of a dipole m 2 placed in the origin under the field Eq. (18) of a dipole m 1 is
Let us consider two magnetic buoys with the same magnetic moment, mass and sizes. We place one magnetic buoy at the origin of the axes and we tilt it with angle θ 1 , while the other one is placed at a position (x, z) and is tilt at an angle θ 2 . The potential of interaction between these two buoys has the form
The chain we are using has stoppers at its ends, so that the end buoys cannot extend indefinitely. The N buoys are also confined to move only along a direction, along the wave tank, by two very thin, tensioned and parallel carbon fibers with 2.5 × 10 6 PSI tensile elongation and 0.0023 static friction coefficient. When we line-up the buoys along this one-dimensional channel, and the water is at rest, the buoys separate by magnetic repulsion at equal distances which we denote L. When the positions of the buoys are perturbed by an incoming water wave, a nonlinear wave is triggered in the chain and propagates, usually faster than the water perturbation. The general behavior of the nonlinear wave traveling in the nonlinear magnetic chain strongly suggested resonant coupling between adjacent particles in the chain leading to phase shifted motions. Small impulses spread at a constant speed, the resulting oscillations having maximum amplitude near the impulse site. Large impulses are more stable and evolved into stable wave packets concentrated over a fixed number of buoys and freely propagate along the chain Fig.(3) .
We consider in this model that one buoy interacts only with its closest neighbors, and the magnetic force is horizontal. Let us assume that at moment t the free surface of water has the linear wave shape z = η(x, t). The horizontal component of the magnetic force acting on buoy number i from its left and right neighbors is given by
, (21) for j = i − 1, i, i + 1. In Fig. (4) we present the potential energy from Eq. (21) of one buoy in the magnetic field of its two adjacent neighbors for parallel positions. Consider now the horizontal oscillations of the i−th buoy in the chain considering that adjacent neighbors are fixed, that is When the water wave displaced buoy 1 (from left), its the magnetic field triggered a nonlinear wave in the chain which accelerated in the same direction all the other buoys. By the time when the wave arrived at the last buoys to the right, these were already in motion. Conseqently they accepted the wave energy in a resonant process (the "surfer launching effect") and moved faster and at alrger amplitudes.
Then the frequency of the corresponding buoy oscillations can easily be calculated and it reads
which reduces in the simplest case
This frequency of the fundamental linear mod of the chain is highly sensitive to the distance between buoys. For example, when the distance changes from 0.1m to 0.15m the frequency changes from 60Hz to 2Hz. Consequently, when the water wave start to compress the chain its resonant frequency increases locally very quickly. In order to obtain the group velocity of the nonlinear waves we have to expand Eq. (21) in Taylor series around zero with respect to x i−1 , x i , x i+1 . If we denote by C 0 the Taylor coefficient Figure 7 : The blue dots represent the maximum horizontal displacement of various buoys in the chain. The yellow signs represent fixed markers in the wave tank the same as in Fig. (6) . The brown dots represent buoys that accidentaly sticked magnetically together (north to south) because of too much vertical displacement. Each displacement is measured at the moment when the water wave arrived at that buoy. The number of the buoy shows its position along the x−axis. The further buoys were placed the more maximum wave horizontal displacement recorded because of the resonant energy transfer. These last buoys were already in motion because of the anaharmonic acceleration magnetic wave, so the water wave transfered momentum more efficiently to these ones. of x i and by C 1 the Taylor coefficient of the expression x i+1 − x i−1 the dispersion relation is
where
. From here we can extract the group velocity
and compare with experiments.
A more comprehensive dynamical analysis of this chain should take into account the shift in the buoys height because of the water wave, and the angles between the magnetic buoys because their tendency to line up perpendicular to water surface, and then perpendicular to the traveling water wave envelope. The strong dependence of the frequency, and hence the group velocity of waves through this chain makes very likely the enhancement of propagation of nonlinear compact waves like solitons or breathers [24] [25] [26] . An interaction between a soliton generated in the shallow water in the tank, and solitons exited in the nonlinear magnetic chain would be a very interesting subject for a future study.
Resonant energy transfer
In order to couple both systems we need to write the equation of motion of the buoys under the wave and magnetic forces. The rate of change of the momentum M V i of the buoy number i is given by the drag force upon this buoy plus the magnetic interaction force with the first neighbors. The drag force is calculated from Eq. (15) where we substitute for V ∞ the difference between the buoy Eulerian velocity and the velocity of flow under free gravitational waves given in Eq. (2) . In the following equation we have only the x−component of the velocities involved
with F i (t) from Eq. (21) and V g from Eq. (2) with the wave number equal to the one for the water waves k = k w . By solving numerically this system we obtain the velocities of each buoy, and hence by integration both their path and maximum displacement, and the rate of transfer of momentum from the waves. The last quantity is nothing but the average over all buoys of the horizontal force. In Fig. (5) we present the main model results. The theoretical maximal displacement of the buoys predicted by the equation of motion is in excellent agreement with the measured one from Fig. (7) . The maximum displacement estimated for the buoys 10 − 20 is in very good agreement with our predictions. The reason why the displacement of the end-of-chain placed buoys cannot be very well predicted is because of the influence, in these zone, or the proximity of the wave maker and the damping beach. The sum of all forces acting on the chain of buoys provides the rate of transfer of the momentum, and this is presented also in Fig. (5) . We noticed that the last buoys in the chain have the best rate of transfer momentum, and this effect is a proof of the resonance between the accelerated motion under water waves and the magnetic interaction. Squaring the momentum distribution and also averaging over all the buoys provides the rate of transfer of the energy, plotted in red in Fig. (5) . The resonant transfer for the already accelerated buoy is evidenced here.
The magnetic buoys were made of water sealed PVC tubes having attached inside the bottom part a very strong cylindrical magnet, and the the upper end glued a ping-pong ball. This configuration make the buoy float very stable with the line of separation between the ping-pong ball and the tube exactly at the water free surface. We placed around 100 such buoys in the wave tank which has sizes 12m long by 1.2m wide and the water depth was between 0.1m and 0.8m. At one end of the wave tank we have a system of x=six electric pumps that can generate a fast pulse of water pressure which generates in its turn a traveling wave along the tank. At the other end we have a dumping beach which attenuates the incoming waves, and prevents to some extent the reflections. This system could generate waves with amplitude between 0.02 − 0.25m, frequencies 0.8 − 9.4Hz, and wavelengths λ = 0.55 − 3.8m. The buoys were either placed in a long chain in between two elastic, parallel carbon fiber wires, or in a rectangular two-dimensional lattice. Four level capacitive analogue gauges were used to measure the water wave profiles with their signals recorded in an oscilloscope. The dynamics of the buoys was recorded by a high speed video camera with maximum 1,000 frame per second, and movie duration up to 10 seconds. The movie were played back frame by frame and the motion of each buoy measured.
We performed series of experiments with different waves and different setting for the buoys lattices. We excited linear gravity waves or solitons in the wave tank. In every experiment the dynamics of the buoys confirmed the existence of a resonant momentum transfer between the waves and the buoys. The main quantity of interest in all these experiments was the estimation of the resonant momentum and energy transfer between water waves and buoys. We measure and then we plotted the space-time evolution diagram of the one-dimensional chain of magnetic buoys, see Fig. (6) . When the water wave arrives from the left the buoy number 1 is pushed to the right and this displacement triggers a nonlinear magnetic wave in the chain, and all buoys start the displacement. The slope of the locus of the inflection points of all observed paths in Fig. (6) represents the group velocity of the magnetic nonlinear wave. Comparison between this slope and the group velocity obtained from Eq. (25) shows a match within 10% error. We also measured the maximum displacement of each independent buoy, Fig. (7) , and compared it with the calculations from our model, Fig (5) , in an effort to identify the occurrence of resonances.
Conclusions
We developed a model for momentum and energy resonant transfer between an anharmonic lattice of magnetic buoys floating on the water surface, and linear waves in water. We build a model based on Stokes flow for small Reynolds numbers with Basset drag force upon the anharmonic lattice of buoys. We calculate the drag forces in the surfactant approximation for a specific frequency, then use Fourier analysis to apply it to a general time variable interaction. After involving an integral Dirichlet transform we obtain the time dependent expression of the drag force, the interaction waves-lattice. Interestingly, the dependence on acceleration of this force is introduced by a Caputo fractional derivative.
It is worth noting that the nature of the forces which provide this resonant water-wave plus magnetic-buoys interaction on the water surface is macroscopic. This aspect is different from the microscopic case of waveparticle interaction in collisionless plasma in the traditional landau damping. Nevertheless, in spite of this scale difference, the actual mechanisms responsible for the resonance are remarkably similar at different scales. Indeed, the net momentum transfer from an electromagnetic wave sent through a colisionless plasma to the free electrons originates from the bunching of resonant electrons which is correlated with the electric field: the density of these electrons is slightly higher where the field has one direction, and lower for the opposite case. In the macroscopic case of the excitation of the nonlinear magnetic lattice by surface waves, the momentum is transferred by the coupling between the stable modes of the gravity waves and the resonance with close frequencies from the oscillation spectrum of the anharmonic lattice. In both cases the correlations occur under the resonant condition, though for Landau damping in plasma the selection is in the velocity space of the electron distribution function, while for wave-buoy interaction it is in the coordinate space of the distribution of buoys on the surface.
